63. 


ON THE NEW RULE FOR FINDING SUPERIOR AND INFERIOR 
LIMITS TO THE REAL ROOTS OF ANY ALGEBRAICAL 
EQUATION. 


[Philosophical Magazine, Vi. (1853), pp. 188—140.} 


THE lemma accessory to the demonstration of the rule for finding limits 
to the roots of an equation, given in the addendum [p. 623 above] to my 
paper in the Magazine for this month, admits of two successive and large 
steps of generalization, in which the scope of the principal theorem will 
participate in an equal degree. 


1. Whatever the signs may be of qi, q2, qs... gr, the denominator of the 


continued fraction 
CIRE DE 
qr 


; 1 + Got qs 
will have the same sign as 4,993... qr, provided that 


1 1 
[q] > po, [9] > m tT irda NA 


1 
oe [ra] > Mra + Mek, [g9] > 


—2 i Bri f 
where p, pe... Mr Signify any positive quantities whatsoever; in the 
particular case where 4 = fy = p = ... = fy = 1, we fall back upon the lemma 


as originally stated. 


2. But the lemma admits of another modification, which will in general 
impose far less stringent limits upon the arithmetical values of the series 
of q’s. 

Let all the possible sequences of q’s be taken which present only variations 
of sign ; for example if the entire series be q1, q2, Ys, Ys, and the corresponding 
algebraical signs are + — — +, we shall have the two sequences gı, 92; gs, Qa, 
If the entire series be q1, q2, qs +» Gis, and the signs be 


———f+-—4F4+44+—-t+4+44+-, 
40—2 
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then the sequences to be taken will be 


3» Ja» Ys» Yes Yo» Pio» Qu; Qus Yas» 
and so in general. 


Suppose, now, that qp}1, Gp2--. Yori are the terms of any one such sequence. 
Then, provided that 


1 1 
[Gori] > Ha» [o] iat t+ Aptian > Mia + A 


1 
and Yori > EA 
(it being understood that the values of pu, ps... pim are perfectly arbitrary, 
except being subject to the condition of being all positive, and that there 
are as many distinct and independent systems of such values as there are 
sequences of variations of sign), it will continue to be true (and capable of 
being demonstrated to be so by precisely the same reasoning as was applied 
to the demonstration of the lemma in its original form) that the denominator 
of z zy vig will have the same sign as the product q,q293...qr. It will 
be observed that, as regards the residual quotients not comprised in any 
sequence, their values are absolutely unaffected by any condition whatever. 
As a direct consequence from this lemma, we derive the following greatly 
improved Theorem for the discovery of the limits. 


Let, as before, fe=0 be any given algebraical equation; ġe any 
assumed arbitrary function of æ of an inferior degree to that of fa; 
and let 

gx i l 1 - 2 

m LELEA 
let the leading coefficients of X,, X+, X: ... X, be qi, Qo, Qs -+ Qr, and let 
this latter series be divided into sequences of variations and residual terms 
not comprised in any such sequence, as explained above. Let the X’s 
corresponding to the residual terms be called 


P ae Ags 


and let the successive sets of X’s corresponding to the sequences be called 
respectively 


Wai ee ees Vp 
Eee ARP ie 
ye. V,/ i Fi 


(Vi), (Va). (Vo). 
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And let 
Amer PSP, 
x (V? — o) (V2 — c2)... (V2 — ¢,) 
x (V; — a?) (V: — cy?) tee (Vi i= c'a’) 
&c. &e. 
x (Vil? — (a)?} (Va)? — (2)"} -- (Vin? — (Cn), 


where, in general, any system of values 


Cry Cay Cy s+ Cray Ops 
represents 

Fes 

May or aes tee Hert ar PPA 
Then the largest root of X =0 is a superior limit, and the smallest root of 
X = 0 is an inferior limit to the real roots of fe =0; and if X = 0 has no real 
roots, neither will fr=0 have any. For the complete demonstration and 
some further developments of this theorem see the forthcoming number of 

Terquem’s Nouvelles Annales for the present month*. 


[* p. 423 and p. 424 above.] 
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